Abstract Spatial heterogeneity plays an important role in the distribution and persistence of infectious diseases. In this article, a vector-host epidemic model is proposed to explore the effect of spatial heterogeneity on the evolution of vector-borne diseases. The model is a Ross-McDonald type model with multiple competing strains on a number of patches connected by host migration. The multi-patch basic reproduction numbers R j 0 , j = 1, 2, · · · , l are respectively derived for the model with l strains on n discrete patches. Analytical results show that if R j 0 < 1, then strain j cannot invade the patchy environment and dies out. The invasion reproduction numbers R j i , i, j = 1, 2, i = j are also derived for the model with two strains on n discrete patches. It is shown that the invasion reproduction numbers R j i , i, j = 1, 2, i = j provide threshold conditions that determine the competitive outcomes for the two strains. Under the condition that both invasion reproduction numbers are lager than one, the coexistence of two competing strains is rigorously proved. However, the two competing strains cannot coexist for the corresponding model with no host migration. This implies that host migration can lead to the coexistence of two competing strains and enhancement of pathogen genetic diversity. Global dynamics is determined for the model with two competing strains on two patches. The results are based on the theory of type-K monotone dynamical systems.
Introduction
Two characteristics that are main drivers behind the distribution and persistence of infections diseases, are host migration and pathogen variability. Host migration allows the pathogen to invade new areas, and maintains the disease in areas where it would disappear if the area were isolated. Pathogen variability allows the pathogen to persist despite building host immunity, wide-spread treatment and vaccination.
These two heterogeneities of transmission have been explored separately in multiple studies. In this article we study them together to gain insight on the impact of spatial heterogeneity on pathogen genetic diversity.
On the one hand, understanding the transmission mechanisms for diseases with multiple strains or serotypes is critical for predicting the persistence and evolution of diseases. Mathematical models have provided a powerful tool to broaden our knowledge into the mechanisms [1, 2] that lead to coexistence or competitive exclusion of multiple strains. The competitive exclusion principle is a classic result in this field, which states that no two species can indefinitely occupy the same ecological niche [3] . Using a multi-strain ODE model, Bremermann and Thieme [4] proved that the principle of competitive exclusion is valid with the strain with the highest reproduction number persisting, while all remaining strains are being eliminated. Castillo-Chavez et al. [5, 6] formulated a simple two-sex epidemiological model that considers the competitive interactions of two strains. They showed that coexistence of two competing strains is not possible except in special and unrealistic circumstances.
However, it is a common phenomenon that multiple strains coexist in nature. For instance, dengue fever has four different serotypes, often coexisting in the same geographical region [1] . The competitive exclusion principle leads to the conclusion that persistent coexistence may only occur if some heterogeneity in the ecological niche is present. Identifying the factors that allow multiple strains to coexist is an important topic in theoretical biology that has been occupying significant attention in the last 20 years.
Recent studies have shown that mechanisms, such as superinfection [2, 7] , co-infection [8, 9] , partial cross-immunity [10] , density dependent host mortality [11] , different modes of transmission [12] , can lead to coexistence of strains. In this paper, we will show that another mechanism, spatial heterogeneity, can also generate the coexistence of multiple competing strains in the same geographical domain.
On the other hand, spatial heterogeneities are believed to play an important role in the distribution and dynamics of infectious diseases [14] . Spatial heterogeneity can be incorporated in epidemic models as a continuous characteristic, in the form of epidemic models with diffusion, or as a discrete characteristic where migration of individuals between discrete geographical regions is considered. The discrete geographical regions can be cities, towns, states, countries or other appropriate community devisions. In recent years, several studies have focused on the transmission dynamics of infectious diseases in patchy environments by using deterministic meta-population epidemic models [15] . Castillo-Chavez and Yakubu [16] discussed a two-patch SIS epidemic model with dispersion governed by discrete equations. Wang and Zhao [17] and Wang and Mulone [18] proposed an epidemic model with population dispersal to describe the dynamics of disease spread between two patches and n patches. Wang and Zhao [19] formulated a time-delayed epidemic model to describe the dynamics of disease spread among patches, an age structure is incorporated in order to simulate the phenomenon that some diseases only occur in the adult population, sufficient conditions are established for global extinction and uniform persistence of the disease.
Arino and van den Driessche [20] developed a multi-city epidemic model to analyze the spatial spread of infectious diseases. Dhirasakdanon, Thieme and Driessche [21] established sharp persistence results for multi-city models. All the previous articles consider directly transmitted diseases.
Vector-borne diseases, such as West Nile virus (WNV) and malaria, have reemerged after being nearly eliminated in the 1950s and 1960s [13] . Migration patterns of the hosts, birds and humans, is one of the important reasons that cause the worldwide spread of the vector-borne diseases. Wonham et al. [22] have suggested that the WNV model should be extended biologically to consider bird migration. Rappole et. al. [23] have provided some factors supporting the hypothesis that the migrant bird is an introductory host for the spread of WNV. Owen et al. [24] have demonstrated that migrating passerine birds are potential dispersal vehicles for WNV. These studies show that the importance of migration on the distribution and maintainance of infectious diseases can hardly be underestimated. Few articles have considered the effect of host migration among multiple patches on the dynamics of vector-borne diseases. Auger et. al. [25] formulate a Ross-MacDonald model on n patches to describe the transmission dynamics of malaria. In a recent study Cosner et. al. [26] consider the impact of both short term host movement and long-term host migration on the dynamics of vector-borne diseases. The models in [25, 26] discuss only vector-host diseases represented by a single strain. In this paper, based on the model in [25] we formulate Ross-MacDonald type model with multiple competing strains on n patches. Competitive exclusion of the strains is the only outcome on a single patch. The main question that we address is whether spatial heterogeneity can generate the coexistence of multiple competing strains in a common heterogenous geographical area.
The remaining parts of this paper are organized as follows. In the next section we formulate the RossMacDonald model with multiple competing strains on n patches. In Section 3, we derive the reproduction numbers and investigate the local stability of the model. In Section 4, we consider the threshold dynamics of a two-strain multi-patch version of the model. Section 5 is devoted to the global analysis of the twostrain two-patch version of the model. The paper ends with a brief discussion of the results in section 6.
Model description
In this section we formulate a Ross-MacDonald type model to describe the transmission dynamics of a vector borne disease. Vector and host populations occupy n discrete patches linked by host migration.
The model also incorporates l competing strains.
To introduce the model let N i (t) denote the total host population in the i-th patch which is partitioned into l + 1 distinct epidemiological subclasses: susceptible and infected with strain j, j = 1, 2, · · · , l.
The size of the susceptible host population on patch i is denoted by S i (t). The size of the infected host population with strain j on patch i is denoted by H j i (t), j = 1, 2, · · · , l. Let T i (t) denote the total vector population in the i-th patch. The vector population is also divided into susceptible and infected with strain j, j = 1, 2, · · · , l subclasses. The size of the susceptible vector population that occupies patch i is denoted by M i (t). The size of the infected with strain j vector population that occupies patch i is denoted by V j i (t), j = 1, 2, · · · , l. We assume that the system which describes the spread of a vector borne disease with l strains in the i-th patch is governed by the following differential equations:
Here, b i is the per capita biting rate of vectors on hosts in the i-th patch; α j , β j are the disease transmission probabilities from infected vectors with strain j to uninfected hosts and from infected hosts with strain j to uninfected vectors, respectively; ν i is the birth and death rate of the hosts; µ i is the natural death rate of the vectors; γ j i is the recovery rate of infected hosts with strain j in the i-th patch, and Λ i is the recruitment rate of the uninfected vectors (by birth) in the i-th patch.
When the n patches are connected, we assume that only hosts can migrate among the patches since vectors are usually arthropods who typically move only small distances during their lifetime. Let m ji ≥ 0 denote the per capita rate that susceptible and infected hosts of patch i leave for patch j, where i = j.
Then the dynamics of the hosts and the vectors with migration is governed by the following model:
where i = 1, 2, · · · , n, j = 1, 2, · · · , l.
Adding the first l + 1 equations of the system (2.1) gives
and it follows that the total population size N i (t) = N 0 i is a constant. Similarly, adding the last l + 1 equations of the system (2.1) gives
The asymptotic equilibrium values for the
By adding the first l + 1 equations of the system (2.2), we have
This system can be rewritten as 3) where N is the column vector (N 1 , N 2 , · · · , N n ) T and the superscript T denotes transpose. The movement matrix M is defined by M (i, j) = m ij for i = j and
We assume that the matrix M is irreducible, that is, the graph of the patches is strongly connected through the movement of hosts. If that is not the case, it follows from [25] that the system (2.2) can be divided into some decoupled subsystems. From article [25] it follows that any trajectory of the system (2.3) remains in the affine hyperplane orthogonal to the vector (1, 1, · · · , 1) T and containing the initial condition N (0).
In the affine hyperplane the system (2.3) has a positive equilibrium denoted byN
Moreover, the positive equilibriumN is globally asymptotically stable on the affine hyperplane.
Noting that the total host and vector populations for system (2.1) and (2.2) tend to the the asymptotic states as t → +∞, in this paper we always assume that the system (2.1) and the system (2.2) have reached the asymptotic states. Thus system (2.1) is equivalent to the following system 4) and system (2.2) can be reduced to the system as follows 5) where i = 1, 2, · · · , n, j = 1, 2, · · · , l.
In the remainder of this article we will analyze the dynamics of the system (2.4) and (2.5) instead of (2.1) and (2.2), respectively, and we will further investigate how spatial heterogeneity affects the dynamics and outbreaks of the vector borne diseases with multiple strains on multiple patches.
The reproduction numbers and the local stability
One of the important critical threshold quantities in epidemiological modeling studies is the reproduction number. Epidemiologically, this quantity is defined as the average number of secondary cases (infections) produced by a typical infected individual during the entire period of infection when this infectious individual is introduced into a completely susceptible population [30] . Mathematically, the reproduction number serves as a threshold quantity that often determines the persistence or eradication of the disease [11, 31, 32] . Generally, if the basic reproduction number is less than one, the disease can not establish itself in the population, If the reproduction number is greater than one the disease will be endemic. In this section we derive the reproduction numbers for strain j, j = 1, 2, · · · , l, and then we investigate the local stabilities of the boundary equilibria using these reproduction numbers.
We begin by introducing certain notations that will be used throughout this paper. Let
We define a subset Ω of R 2ln + by
where
Let ϕ(I 1 , I 2 , · · · , I l ) denote the solution flow generated by (2.5) . It is not difficult to see that the flow is
an order between them as follows:
We can easily derive the reproduction number of system (2.4) which gives the isolated reproduction number for strain j in patch i: 
The proof of Theorems 3.1 is provided in Appendix A.
Theorem 3.1 implies that if the system (2.5) has no host migration among patches then no more than one strain will persist in the population of patch i, namely the strain with the largest reproduction number in patch i. All strains which have lower basic reproductive rates die out in patch i. In what follows we will prove that coexistence of two competing strains in a common area is possible if the system incorporates host migration among patches. This suggests that host migration, that is spatial heterogeneity, is one of the mechanisms which can lead to the coexistence of multiple competing strains.
We now derive the basic reproduction numbers for system (2.5). Let c ∈ {1, 2 · · · , l} and
then Γ c is invariant for system (2.5). The system (2.5) in Γ c is
It is clear that E c 0 (I c = 0) is the disease-free equilibrium (DFE) of the subsystem (3.4) . Noting that the model has 2n infected populations, namely H c i and V c i , i = 1, 2, · · · , n, it follows that, in the notation of [33] , the matrix F c and V c for the new infection terms and the remaining transfer terms respectively, are given by
Results in [33] imply that the basic reproduction number of the subsystem (3.4) is given by
where ρ(M ) represents the spectral radius of the matrix M .
Following Smith [34] one can establish that the subsystem (3.4) is strongly concave. Results in [34] also imply that that either the origin of system (2.5) is globally asymptotically stable in Γ c defined in (3.3), or system (2.5) has a unique equilibrium E I c (I c =Ī c > 0, I j = 0, j = c) such that it is globally asymptotically stable in Γ c \ {O}, where I c , I j are defined in (3.1). This conclusion is based on the observation that E I c is linearly stable in Γ c , that is
is a stable matrix, where
Simple algebraic calculations imply that system (3.4) has an equilibrium if and only if R c 0 > 1. 
2) If there exists
Proof. For a given j ∈ {1, 2, · · · , l}, it follows from the system (2.5) that
Let us consider the following differential equations
Since the system (3.8) is a linear system, the global stability of the origin of the system (3.8) is determined by the stability of the matrix 
We can easily see that E 0 is locally asymptotically stable in Ω. This fact implies that the disease-free equilibrium E 0 is globally asymptotically stable in
If there exists c ∈ {1, 2, · · · , n} such that R c 0 > 1 and
, by using the comparison principle, we can easily prove that there exists ς > 0 such that
for t sufficiently large and all 1 ≤ i ≤ n. In this case the limiting system of system (2.5) is subsystem
Denote the flows generated by systems (2.5) by Ψ(t, X). Since for any X ∈ Ω \ {(I 1 , I 2 , · · · , I l ) : I c = 0}, the orbit {Ψ(t, X) : t > 0} is precompact, ω Ψ (X)the limit set of X, [27] we can conclude that the equilibrium
. This completes the proof of Theorem 3.3.
Coexistence of two strains on n patches
In this section we consider the case of two strains on n patches. When system (2.5) has only two strains, strain 1 and strain 2, then it can be rewritten as
In the case when at least one of the reproduction numbers is smaller than one, that is, either
gives the global behavior of system (4.1). Therefore, we only need to consider the case when both R 1 0 > 1 and
, which is unstable, as well as the two boundary equilibria
, wherē
In what follows we investigate the local stability of the boundary equilibria
. To this effect we define two important quantities R 2 1 , R 1 2 as follows
and V j 11 , j = 1, 2 are defined in Section 3.
Proof. We only prove the first point above, since the second point can be proved in a similar way.
The Jacobian matrix J(
where A 1 11 has the same form as (3.6) and
The stability of the boundary equilibrium 
Hence, s(A 1 22 ) < 0 if and only if R 2 1 < 1. We conclude that the boundary equilibrium
Similarly, we have s( Thus, if R 2 1 > 1 then the boundary equilibrium E I 1 (Ī 1 , 0) is unstable. This concludes the proof.
Moreover, the system (4.1) admits at least one (component-wise) positive equilibrium.
Proof. Define
To prove the theorem, it suffices to show that (4.1) is uniformly persistent with respect to (X 0 , ∂X 0 ) (see [17] ).
First, from system (4.1), we get that both X and X 0 are positively invariant. Clearly, ∂X 0 is relatively closed in X and the system (4.1) is point dissipative. If (I 1 (t), I 2 (t)) are solutions of system (4.1), we
We can show that
show that (4.2) holds, it suffices to show that I 1 (t) ≡ 0 or I 2 (t) ≡ 0 for all t ≥ 0. We establish this result by contradiction. Suppose the result is not true. Then there exists a t 1 > 0 such that, without loss of generality,
(the other cases can be discussed in the same way). Since
for all i = 1, 2 · · · , n, j = 1, 2, we can easily see that if there exists a t 0 > 0 such that
The irreducibility of M implies that there exists a chain from 1 to k, i.e., a sequence i 1 , i 2 , · · · , i s ∈ {1, 2, · · · , n} with i 1 = 1
Since k is arbitrary, we can conclude that there exists a t 1 > 0 such that H 1 i (t) > 0 for all i = 1, 2, · · · , n and t > t 1 . From the second equation of system (4.1) we can easily see that there exists a T 1 (> t 1 ) such that V 1 i (t) > 0 for all i = 1, 2 · · · , n and t > T 1 . As in the previous proof it is also easy to show that if H 2 1 (0) > 0 there exists a T 2 > 0 such that
It is clear that there are three equilibria E 0 , E I 1 and
Let us consider the arbitrary positive solution (I 1 (t), I 2 (t)) of system (4.1). Now we can claim that lim sup
Suppose, for the sake of contradiction, that there is a
Since the equilibrium E I 1 (I 1 =Ī 1 ) of system (3.4), where c = 1, is globally asymptotically stable, by comparison principle there is a T 2 > 0 such that
Hence, from the third and fourth equations of system (4.1) we have for sufficiently large t. We consider the following auxiliary system
The coefficient matrixJ 2 1 of system (4.4) is given bỹ
Similar discussion as for the matricesĴ j implies that the matricesJ 2 1 are also unstable and their principal eigenvalue is either positive or has a positive real partλ m > 0 when r 2 1 > 1. Using the linear systems theory, we can establish that all positive solutions of system (4.4) tend to infinity as t → ∞.
Then, applying the standard comparison principle, we have thatH
This is a contradiction with the assumption that H 2 i (t) → 0 and V 2 i (t) → 0 as t → +∞ for all i = 1, 2 · · · , n, which leads a contradiction. The contradiction implies that lim sup
By Theorem 3.2 E I 1 is global attractor in B 1 \ {0} and E I 2 is global attractor in B 2 \ {0} for (4.1).
By the afore-mentioned arguments, it then follows that the set {E 0 , E I 1 , E I 2 } is isolated invariant set in X, and
is acyclic in ∂X 0 , then Theorem 4.6 in [35] leads to the conclusion that the system (4.1) is uniformly persistent with respect to (X 0 , ∂X 0 ). Using Theorem 1.3.7 in [36] , as applied to the solution semiflow of system (4.1), we can infer that the system has a positive equilibrium. This completes the proof of Theorem 4.2.
Theorem 3.1 implies that if the system (4.1) has no host migration among patches then no more than one strain will persist in the population of patch i except in special and unrealistic circumstances. However, it follows from Theorem 4.2 that the coexistence of two competing strains is possible if the system has host migration among dispersal patches. The coexistence occurs on all n patches. This indicates that the host migration, i.e., the spatial heterogeneity, can lead to the coexistence of multiple competing strains.
Global behavior of two strains on two patches
Global results for multi-strain or multi-patch systems are rare, so it is of particular interest to further study the asymptotic behavior of the system (4.1). The high dimension of system (4.1) with general n, however, increases the difficulty in obtaining information on the global behavior of the system. To show the main idea and obtain results on the global behavior, which might be obscured by the complicated computation for the higher dimensional case, in this section we will focus on the case n = 2. We shall see that the minimum dimension choice for patchy environment enables us to do some more detailed rigorous analysis.
When n = 2, the model (4.1) becomes
Straight forward computation yields that the basic reproduction number for strain j, j = 1, 2 over the whole domain can be expressed as
and the invasion reproduction number for strain j on patch i can be expressed as
We recall that reproduction numbers of strain j on patch i, R j i , i, j = 1, 2, are defined in (3.2) . From the proof of Theorem 4.1, we have
and s(J 
where J j 0k , k = 1, 2, 3, 4 are the leading principal minors of J j 0 with k rows. Consequently, a simple calculation yields that
Using a similar approach, we have 
We begin by investigating the local dynamics of system (5.1). Any positive equilibrium must satisfy the following algebraic equations
Then, by substituting (5.4) into the first equation in (5.3), we have
From (5.5) it follows that
Substituting (5.6) into (5.5) yields:
Clearly, F (H 1 2 , 0) = 0, G(0,H 2 2 ) = 0. Equations (5.7) give a 2×2 system which only depends on H 1 2 , H 2 2 . From (5.4) and (5.6) we can easily see that the system (5.1) has a positive equilibrium
2 ) if and only if (5.7) has a positive solution (H
After extensive algebraic calculations, we can verify that
To obtain results on the local stability of the endemic equilibrium, we assume the following non-degeneracy
Then we have the following result.
2 ) be a positive equilibrium of system ( 
5.1) and let (H) hold. Equilibrium E # is locally stable if
< 1, and it is unstable if
Proof. The Jacobian matrix J(E # ) at E # takes the form
where 
and consider the matrixJ
It is easy to see that if all eigenvalues ofJ have negative real parts then so do those of J(E # ). Note that all off-diagonal elements ofJ are non-negative. Let W i , i = 1, 2 · · · , 8 be the leading principal minors of J with i rows. Then straight forward algebraic calculations give
Furthermore, we apply tricky calculations to conclude that (−1) 6 W 6 > 0 and (−1) 7 W 7 > 0. The proofs for (−1) 6 W 6 > 0 and (−1) 7 W 7 > 0 are given in Appendices B and C, respectively. Since
, it follows from the well-known M-matrix theory that the stability of the matrixJ is determined by the sign of the determinant ofJ. In particular, if det(J ) > 0 then the matrixJ is stable, and if det(J ) < 0 then the matrixJ is unstable. In what follows we prove that det(J(E # )) = det(J) > 0 if and only if
Moreover, we prove that det(J(E # )) = det(J) < 0 if and only if
We begin by observing that from the equations (5.3), we have
Furthermore, we verify that
The implicit function theorem then implies that there exist continuously differentiable functions
where D ij is the complement minor of order 7 obtained by removing the i-th row and j-th column from the matrixJ.
On the one hand, substituting the functions
, i, j = 1, 2 for the expression
By differentiating the function Υ(H 2 1 ) with respect to H 2 1 , we have
(5.8)
On the other hand, in Appendix C we have obtained continuously differentiable functionsH 1 1 (H 2 1 , H 2 2 ),
) from the first equation (5.5). These functions are defined on a neighborhood ∆ of (H and satisfy:H
By substituting
into the second equation in (5.5), we obtain
From Appendix C we can see that 
By substituting (5.6) and
Differentiating the function Υ(H 2 1 ) with respect to H 2 1 , we have
Hence, we see that
From equations (5.8), (5.10) and (5.11) we can easily see that det(J(E # )) = det(J) > 0 if and only
and det(J(E # )) = det(J) < 0 if and only if
This completes the proof of Theorem 5.1.
We now proceed to investigate the global stability of the system (5.1). Let
The Jacobian matrix of system (5.1) at each point (I 1 , I 2 ) ∈ Ω has the form
where A i (I 1 , I 2 ), i = 1, 2, 3, 4 are all 4 × 4 matrices One can verify that all off-diagonal entries of I 2 ) and A 4 (I 1 , I 2 ) are non-negative, and A 2 (I 1 , I 2 ) and A 3 (I 1 , I 2 ) are non-negative matrices. It follows from Smith [39] that the flow Φ t (I 1 , I 2 ) generated by (5.1) is type-K monotone in the sense that
Theorem 4.1.2 in [39] implies that almost all solutions of system (5.1) are convergent to the equilibria, and thus the global dynamics of the system (5.1) is completely determined by the equations (5.7). Since the algebraic equations (5.7) are difficult to solve explicitly, in what follows we only consider a special case to show the global stability. We further assume the following hypothesis:
Straight forward, but tedious algebraic calculations yield that
Using the implicit function theorem, from the equations (5.7) we can infer that there exist positive, contin-
respectively, such that
The last property above says that 
, where
In
Since each root gives a positive equilibrium of system (5.1), then system (5.1) has l positive equilibria. The corresponding positive equilibria E * j (I 1 * j , I 2 * j ), j = 1, 2, · · · , l of (5.1) are given by
respectively. Moreover, we have
and Cl U denote the closure of U . Note that the flow ϕ t (I 1 , I 2 ) generated by the system (4.1) is type-K strongly monotone. The following Theorem summarizes the results on existence and stability of the positive equilibria.
has an odd number l of positive equilibria given by (5.12) . The odd indexed positive equilibria E * j , j = 1, 3, · · · , l are asymptotically stable and Cl ∪ j odd B(E * j ) = R 8 + .
The boundary equilibria E I 1 , E I 2 and the even indexed positive equilibria
2) If R 2 1 < 1, R 1 2 < 1, then system (5.1) has an odd number l of positive equilibria given by (5.12) .
The boundary equilibria E I 1 , E I 2 and the even indexed positive equilibria E * j , j = 2, 4, · · · , l − 1, are asymptotically stable, and In order to prove Theorem 5.2, we need to prove the following lemmas.
Lemma 5.3. Let assumption (H') hold. Then we have
Proof. From the expression of ϕ 2 (H 1 2 , H 2 2 ), we have
Thus,
Substituting
Here, we have used the factH
. We can then conclude that
Assumption (H') implies that ϕ 2 (0,H 2 2 ) < 0. Hence, the conclusions follow immediately from (5.2)
Similarly, we can establish the following lemma whose proof is omitted.
Lemma 5.4. Let the assumption (H') hold. Then we have
Now we are able to prove Theorem 5.2.
Proof of Theorem 5.2. Here we only prove part 1) of the Theorem The other parts can be established similarly except the last conclusion in part 2) which is a corollary of Theorem 1 in paper [40] . We consider the roots of the equation
and Lemma 5.4 imply that
The non-degeneracy assumption (H) implies that the number l of the roots of the equation Moreover, the non-degeneracy assumption (H) also implies that g (f (
in the case when j is odd and g (f (H 1 * 2j ))f (H 1 * 2j ) < 1, that is,
in the case when j is even. By Theorem 5.1 the odd indexed positive equilibria E * j are locally asymptotically stable and the even indexed positive equilibria E * j are unstable. Note that the flow ϕ t (I 1 , I 2 ) generated by (5.1) is type-K strongly monotone. Since 
Discussion
In this article we study the effect of spatial heterogeneity on the transmission dynamics of a vectorborne diseases with multiple strains and on multiple patches. Based on the Ross-MacDonald multi-patch model analyzed by Auger et al. [25] , we formulate an extension multi-patch multi-strain model. Vectorborne diseases, such as malaria, often display heterogeneity of transmission in different locations. High transmission areas neighbor low transmission areas and those are connected by host migration. Vectorborne disease have reemerged as a major public health threat in the last 30-40 years. The reasons for the re-emergence are complex but they involve the evolution of the pathogens to more resilient drug-resistant strains, often persisting in different isolated regions [41] . This suggests that studying the evolution of pathogens in a spatial context (on multiple patches) is an important topic of particular interest. We believe our model here is the first one that studies the impact of spatial heterogeneities on the evolution of pathogens.
We focus on investigating the dynamics of the multi-patch multi-strain Ross-McDonald type model.
We define the multi-patch basic reproduction numbers R j 0 for each strain. Theorem 3.3 shows that if the reproduction number for strain j is less than one then strain j can not invade the patchy environment and dies out over the entire domain. Theorem 3.3 also implies that if the multi-patch basic reproduction numbers for all strains are less than one the disease free equilibrium is globally asymptotically stable and the disease is eliminated from the host and the vector populations. When the multi-patch basic reproduction numbers for all strains are greater than one, each strain can invade into the population when alone, and thus all strains compete for the same resource, the susceptible individuals.
In order to obtain further theoretical results, we systematically analyze the multi-patch multi-strain model on n discrete patches but restricting the number of strains to two. By analyzing the local stability of the single-strain equilibria, we derive the invasion reproduction numbers R j i , i, j = 1, 2, i = j for strain j.
Applying the theory of uniform persistence of dynamical systems the uniform persistence of two competing strains on the entire domain is rigorously proved in Theorem 4.2 under the condition that both invasion reproduction numbers are lager than one. However, the results of Theorem 3.1 show that if the system has no host migration no more than one strain will persist in the population on a single patch, namely the strain with the largest reproduction number on that patch. Multiple strains may persist, each on a separate patch, but essentially a divide and conquer strategy is adopted. When the patches are linked through migration, the divide and conquer strategy is not an option and all strains whose reproduction number is greater than one are competing. However, Theorem 4.2 and 3.1 indicate that spatial heterogeneity can lead to the coexistence of multiple competing strains on the entire domain. Hence, spatial heterogeneity supports pathogen genetic diversity. This is the main result of this article.
Finally, we examine the global behavior of the model with two competing strains on two patches.
Applying the well-known M-matrix theory and the implicit function theorem a complete classification for the local stabilities of positive equilibria is given in Theorem 5.1. We determine that the flow Φ t (I 1 , I 2 ) generated by the two-strain two-patch model (5.1) is type-K monotone. By applying the theory of type-K monotone dynamical systems, we provide the global behavior of the two-strain two-patch model in Theorem 5.2 which is completely determined by the algebraic equations (5.7). These results follow from the conditions on the invasion reproduction numbers as well as the non-degeneracy assumption (H) and assumption (H').
There are still many interesting and challenging mathematical questions which need to be studied for the system (2.5). For example, we could not present the complete classification for the dynamics of the system (2.5). The main difficulty stems from the high dimension of the multi-patch multi-strain model. Additionally, the model discussed here can also be extended to incorporate the other ingredients, such as the different incidences and/or different compartmental structures. It is worth noting that the methods applied to study model (5.1) are not applicable to the other general models because the monotonicity of the model (5.1) plays an essential role in our analysis. We leave these investigations for the future.
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For any 1 ≤ p, q ≤ n, we consider the system
If we letR 
On the other hand, from the comparison principle, it follows that
Thus, the the disease-free equilibrium of the system (2.4) is globally asymptotically stable. This completes the proof of part (1).
2) For any j = j * , consider the system Appendix B: Proof of (−1) 6 W 6 > 0.
LetR
From the equations in (5.3), we have
Applying the implicit function theorem we conclude that there exist continuously differentiable functions
On the one hand, substituting the functions < 0.
From (6.1) and (6.2) we can easily see that (−1) 6 W 6 > 0 since W 5 < 0.
Appendix C: Proof of (−1) 7 W 7 > 0. were used in the above calculations. From (6.3) and (6.5) we can easily see that (−1) 7 W 7 > 0 since
